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EFFECTIVE CONES OF QUOTIENTS OF MODULI SPACES
OF STABLE n-POINTED CURVES OF GENUS ZERO

WILLIAM F. RULLA

ABSTRACT. Let X, := Mo,n, the moduli space of n-pointed stable genus zero
curves, and let X, m be the quotient of X, by the action of S;,—y, on the last

n —m marked points. The cones of effective divisors NE' (Xn,m), m=0,1,2,
are calculated. Using this, upper bounds for the cones Mov(Xy,m) generated
by divisors with moving linear systems are calculated, m = 0,1, along with
the induced bounds on the cones of ample divisors of My and Mgy 1. As an

application, the cone NEI(HQJ) is analyzed in detail.

1. INTRODUCTION

In studying an object X in the category of projective varieties, it is useful to
know to which other objects X admits surjective morphisms, or more generally,
dominant rational maps. Thus, of interest are the sets of line bundles which have
basepoint free, or more generally, non-empty, linear series. The closures Nef!(X)

—=1
and NE (X) of the corresponding cones in the real vector space N'(X) can some-
times be determined with nothing more than basic intersection theory.

The intermediate cone Nef!(X) C Mov(X) C NE'(X), generated by all linear
series | M| which have base loci bl | M| of codimension > 2, is of greater interest than

NE' (X) in studying rational maps ¢|p| : X --» Z, since it is natural to extend a
map @|p| over a Cartier divisor E' € bl|D| by considering |[M := D — E| instead.
Mov(X) similarly has an upper bound Nem(X) which is potentially calculable via
basic intersection theory. The purpose of this paper is to introduce the “nem” cone
and some of its properties, and calculate it for certain finite quotients of the moduli
spaces Mo,n of stable n-pointed curves of genus zero.

Until recently it was conjectured that the cones N El(ﬁom) were generated by
the irreducible components of the loci of singular curves A C Mo,n- This is now
known to be false for n > 6 ([HT02] or [Ver(2]), but the analogous statement is true

for the quotients X,, o := My, /S, by the natural action of the symmetric group.
A natural question (S. Keel) is: for which m does the analogous statement hold for
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the quotients X, ,, := Mo,n/sn_m, where S,,_,, acts on the last n — m marked
points? This paper provides the answer: for m < 2 or n < 5 (Propositions [£2] (53]
and [C.2). Also included is a systematic treatment and extension of some of the ad
hoc calculations of [Rul01], relating moduli spaces Mg,k to various X, p,. It is the
author’s intent to use these results for ongoing work on M5 and other spaces.

The paper is structured as follows: §2establishes notation, definitions, and basic
properties of Nem/(X).

In §3 bases for the real vector spaces N'(X,, ,,,) (0 < m < 3) are calculated.

44l pulls back the counterexample of [HT02] and [Ver02] in Xg 3 to all X,
n>6 and m > 3.

§4BHR] consist of intersection-theoretical calculations of effective and nem cones
and examples.

In §9 the calculations of Nem(Xag42,0) and Nem(Xo4131) are used to impose
bounds on the cones of ample divisors of Mg and ngl, respectively, via surjections
of these spaces onto the corresponding loci of hyperelliptic curves.

As an application, in 10 the cone of effective divisors NE™ (M2 1) of the moduli
space M1 of stable genus 2 curves with marked point is studied in detail.

2. NOTATION, DEFINITIONS, AND FUNCTORIAL PROPERTIES

Notation. Let X be a projective variety, over a(n algebraically closed) field k.
The characteristic ¢ = char k will be arbitrary, except for the restrictions ¢ # 2 in
8§09 and [0, and ¢ = 0 for the applications of Mori theory in 10l

(1) The description “Q-factorial” will imply normality.

(2) The symbol “=” will be used to denote numerical equivalence (of Cartier
divisors or one-cycles).

(3) Ni(X) is the group of one-cycles modulo numerical equivalence, with real
coefficients [Kol96) p. 122].

(4) N'(X) is the group of Cartier divisors modulo numerical equivalence, with
real coefficients [Kol96, p. 123].

(5) The cone of effective divisors Wl(X ) is the closure of the cone in N1(X)
generated by (classes of) line bundles having non-zero global sections.

(6) A Q-Cartier divisor M € Wl(X) will be called “moving” if there is a
positive integer n such that (nM is Cartier and) the base locus of the linear
series [nM]| is of codimension > 2. The cone of moving divisors Mov(X) is
the closure of the subcone of NE' (X) generated by moving divisors.

(7) The cone of nef divisors Nef!(X) is the closure of the subcone of NE' (X)
generated by line bundles having basepoint free linear systems. Following
Miles Reid, we think of the word “nef” as an acronym for “numerically
eventually free.”

(8) The cone of nef curves Nef;(X) is the cone in Np(X) dual to NE ' (X).

Following Miles Reid,

Definition. Let X be a projective variety. A Q-Cartier divisor M € N EI(X ) will
be called “nem” (for “numerically eventually moving”) if for every prime divisor

DCX, M|p e NE' (D). The cone of nem divisors Nem(X) is the closure of the
cone in NE (X) generated by nem Q-Cartier divisors.



EFFECTIVE CONES OF MODULI SPACES 3221

Remarks. (1) Clearly the nem cone is an upper bound on the moving cone:
Mov(X) C Nem(X).

(2) For surfaces, the nef, moving, and nem cones are the same.

(3) f D = > a;D; where a; > 0 and the D; are prime divisors, then D €
Nem(X) iff D|p, € NE' (D;) for each i.

(4) If M € Nem(X) is a prime divisor and C' € Nefi(M), then C € Nef;(X).

We prove some functorial properties.

2.1. Proposition. If f : X — Y is a dominant, finite morphism of projective
varieties, then f*Nem(Y) C Nem(X). Thus also

Mov(Y) C Nem(Y) C f.Nem(X).

Proof. Let N € Nem(Y') be an effective Cartier divisor. Pick an irreducible com-
ponent My of f*N and let Ny := f(My). Then (f*N)lam, = (flag,)*(N|n,) €
NE (My). O

2.2. Lemma. If f : X — Y is a dominant, generically finite morphism of Q-
factorial, projective varieties, then Mov(Y) C f.Mov(X).

Proof. If N € Mov(Y) is a Cartier divisor with |N| having base locus of codi-
mension > 2, then every divisorial component of the base locus of |f*N| must be
exceptional for f. We may then produce a moving line bundle N , mapping to (a
multiple of) N, by subtracting these components. O

2.3. Lemma. Let f: X — Y be a birational morphism of projective varieties with
Y normal. If a Cartier M moves on X and f.M is also Cartier, then f.M moves
onY.

Proof. Because f has connected fibres, any divisorial component B in the base
locus of |f. M| would have strict transform contained in the base locus of |M|. O

2.4. Proposition. Let f : X — Y be a birational morphism of projective, Q-
factorial varieties. Then

Mov(Y) = fiMov(X) C fuNem(X).

Remark. Proposition 24 holds when f is only a “birational contraction” [HKO0OL
Def. 1.0], i.e. a birational map such that the exceptional locus of f~! is of codi-
mension > 2.

Definitions. (1) For any 0 < m < n, define X,, , :== Mg ,,/Sn—m, where S,_,
acts on the last n — m marked points. We abbreviate X,, , = X, ,—1 by X,,.

(2) Consider the quotient map 7 : X,, — X, ,», which makes indistinguishable
the last n — m marked points. We call the first m marked points of an element of
X, m the distinguished marked points.

(3) We call the collection of images of boundary divisors of X,, the boundary
divisors of Xy.m. We denote them by Di., where i refers to the total number of
marked points on one component of a general member of the locus (2 <i <n—2)
and T is the subset of {1,...,m} labeling the distinguished marked points on that
component (0 < #T < min{m,n — 2}). For X,,, we drop the superscript i = #T.
Note that the notation has some redundancy; e.g. in X,,, Dy = Dre.
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3. THE GROUPS N'(X,, )

We determine bases for the groups Nl(Xmm) forn > 5 and 0 < m < 3. From
[Kee92], the spaces N! (M()n) are spanned by the boundary classes Dp, subject
only to the relations (Dr = Dre and)

Z Dr = Z Dy, for distinet 4, ,k,l € {1,...,n}.
i,j€T i,k€T
kl¢T jléT

3.1. Lemma. The (g) —n relations (3<i<j<mn, 4<k<n)

(1) Z Dr = Z Dr and Z Dr = Z Dy

1,2€T 1,4i€T 1,3€T 1,keT
i,j€T 2,j¢T 2,k¢T 2,3¢T

form a basis for the kernel of the vector space homomorphism
@R - D — N*(Mo,n),

where the direct sum is over the set of all boundary divisors Dy of Mg .,.

Proof. The dimension of the kernel is (%) —n [Kee92]; suppose there is a relation

n

Z Qjj Z Dr — Z Dr |+ Z by Z Dp — Z Dr | =0.
3<i<j<n 1,2€T 1,ieT k=4 1,3€T 1,keT
i,j¢T 2,j¢T 2,k¢T 2,3¢T

Each of the terms Dyy 5 . n}\{4,5} appears exactly once, having a;; as its coefficient,

so a;; = 0. In the remaining sum, each D15 .. n}\{2,k} appears exactly once, with

coefficient by, so by, = 0. [l

3.2. Corollary. o The boundary divisors of X, o and X, 1 are a basis for
their respective groups N'.
o The boundary divisors of X, 2 are subject to the single relation

n—2 n—2
Z(n—i)(n—i— 1)Di, = Z(i —1)(n—i—1)Di.

o The boundary divisors of X, 3 are subject only to the following relations
(which are independent for n > 5):

n—2 n—2 n—2
(n—i—1)Di,=> (n—i—1)Dj3=> (n—i—1)D;  and
i=2 i=2 =2
n—2 . n—=3 )
S (n—i)(n—i—1)Dipy + 3 (n—i—1)(n—i—2)Di,
i=3 =2
n—2 ) n—3 .
=) (i-2)(n—i—1)Djz+ Y (i—1)(n—i—2)Dj.
i=3 i=2

Proof. These statements follow from pushing down the relations () to the appro-
priate N1(X,, 1) O

Corollary is summarized in Table [II
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TABLE 1. NY(X,,x), n>5

Picard number | # of boundaries
Xn,0 5] -1 5] -1
Xn,l n—3 n—3
Xn2 2n —17 2n — 6
Xn,3 4n — 16 4dn — 13

4. COUNTEREXAMPLES FOR X, ,, n > 6 AND m > 3

4.1. Observation. For n =6, N El(Xﬁ,g) is not generated by boundary classes.

Proof. From Corollary B2l p(Xe 3) = 8, an ordered basis is given by (D?, D}, D3,
D2, D3 D3, D3, D3), and in terms of this basis,

(2) 3D%, =(-1,1,1,0,-3,1,1, 1),
3D}, = (—1,1,0,1,-3,1,—1,1),
and  3DZ, =(-1,0,1,1,-3,—1,1,1).

From [HT02] or [Ver02] the class

F; = D3g + Dyg + Dsg — D16 — Dag
— D136 — D146 — D23zs — Dass + D3zas + D3se + D12

lies in the effective cone of Xg, and (using (2])) pushes down under the quotient
morphism X — X 3 (making indistinguishable the last three marked points) to

m.F. =2D3 + D* + D*> — 2D} — 2D3
—2D3 —2D? —2D? — 2D3 +2D3 + 2D3 + 6Dy,
=2(0,0,0,1,-3,—-1,—-1,1).
This is clearly not in the convex hull of the boundary divisors of Xg 3. O
For n > 6, a basis for N'(X,, 3) is given by {boundary divisors} \{D3%,, D%,
D3,}. In terms of an analogous ordered basis (D?, D?, D3, D3, D3, ...), Corollary 3.2
gives
(n—3)(n—4)D}, = (-2,(n—4), (n — 4),0,...),
(n—3)(n—4)D}; = (-2,(n—4),0,(n—4),...),
(n—3)(n—4)D3; = (2,0, (n —4), (n — 4),...),

so any effective combination of these has a positive coefficient in at least one of the
second or third entries. If 7 : X¢ 1 3415 — Xg,3 forgets all the distinguished points
other than the first three, and p : X¢yr 3+ — Xe+k,3 makes indistinguishable all
but the first three distinguished points, then

pm*F, = (0,0,0,...).

Thus the effective divisor p,7* F- is similarly not in the cone generated by boundary
divisors of X, 5 for all n > 6.
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These counterexamples lift to X, ,, for any m > 3 via the (finite) morphisms
Xn,m - Xn,3a S0
4.2. Proposition. The cone generated by boundary divisors in N'(Xpm) is a
proper subcone of NEl(Xn,m) for alln > 6 and all m > 3. O

5. THE CONE OF EFFECTIVE DIVISORS OF X, 1
We will use [Kee92, Theorem 2, p. 561]:
5.1. Theorem (Keel). For any scheme Y the canonical map of Chow rings
A (X,) @ A*(Y) - A*(X, xY)
is an isomorphism.
5.2. Corollary. IfV, W are finite images of some X,,, X,,, respectively, then
NY(V x W) = p{N (V) x pN* (W)
and so Wl(V x W) = pIWI(V) X pSWl(W),
where p; is the ith projection. (I

For notational simplicity, we make the following definitions for divisors on X, ,,
(0<m<2):

Definitions. (1) Set By := Dl{vl,“.,m} (2 < k <n-—2). Note that when m = 0,
B,,_ = By.

(2) It is straightforward to show that divisorial ramification of the quotient mor-
phism X,, — X, ,, occurs only above B,_», and the ramification is simple (see
[KM96] for a full discussion). Thus, set b, o := %Bn,g, and b; := B; for all other .
It is standard practice in the intersection theory on Mg to deal with ramification at
this stage (cf. 6, = $A1); using the b’s instead of the B’s accounts for the transla-
tion between intersection calculations in X,, and X,, ,,. The notation also simplifies
formulae by allowing all the boundary classes to be treated in a symmetric way.

(3) For 2 < k < n — 3 let O be the curve class obtained by varying the node
of a general member of By along the component not containing any distinguished
marked point.

FIGURE 1. The one-parameter family C},.
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Notation. Given divisor classes di, ...,dy € N*(X) and a curve class C € N;(X),
(3) “C= Z ’I’L,CZl 7

will mean C.d; = n; for each 4. If the d; form part of a basis of N!(X), d; will
denote the dual to d; in the dual basis, and (@) will further mean that the basis
elements whose duals do not appear intersect C' trivially.

Now fix m = 1. The {b;} give a basis for N*(X,,1); we formally define b; = 0.
Define C to be the curve class of a fibre of the morphism X,, ;1 — X,,_1 ¢ forgetting
the distinguished marked point. Then

(4) Cr=Mn—kbr+2—n+kby (1<k<n-3).

Cy € Nef1(By) for k > 2, and C; € Nef1(X,,1). Thus any prime divisor D
having class not proportional to that of any boundary divisor has D.C), > 0 for all
k=1,...,n— 3. Rewriting (@) as

. 1 .
bk+15—k[ck+(n_k_2)bk] (1§k§n—3),
n—
we see inductively that the coordinates of any such D are non-negative, so

5.3. Proposition (n > 4). NE' (Xn,1) is simplicial, generated by the boundary
classes B; (i =2,...,m —2).

6. Nem(X,,0)
We use Proposition 5.3 to calculate Nem(X,, o).

6.1. Lemma. NEl(XmO) is generated by its boundary divisors.

Proof. This is shown in [KM96]; it is also an immediate corollary of Proposition 5.3l
O

The boundary divisors of X, o are of the form X;;11 x X;,—;41,1, so by Lem-
ma [61] and Theorem [5.1] we need only consider contributions from X;117 (3 <
I < n—2). More generally, we will calculate the contribution of X;111 to the
inequalities determining Nem(X,, ,,), m =0,1,2. For m = 0, 1, a basis is given by
the set of all b; (note that b,_; = by when m = 0); we formally define b; := 0. For
m = 2 we will use bs, ...,b,_2 as part of a basis for N*(X,,5), and formally define
by = by = 0.

For3<i<n—-2,1<n—m,and 0 <m <2 let

q: Xl+1,1 - Xn,m

be the inclusion given by attaching to the distinguished marked point of every mem-
ber of X; ;1 a fixed element of X,,_;1 m+1 at its highest numbered distinguished
point. One checks (1 <k <1—1):

GCr =1 —k+Dbyyor — (L= k — Dbpgp1,
giving the recursive relationship

. l—-k-1

. - l—k—-1 ”
(5) Qb1 = bnjyn — (m) bpn—iyrp—1+ <m> qmi41.by.
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The recursion telescopes,

(I-k-1D{-k);
1(1—1) b

giving the non-negative half-planes (1 <k <1—2, 3<1<n—2)

(6) Q*Bk+1 = En—l—&-k -
L-(l= Dby > (1 —k—1)(1 = E)bp_y.
The inequalities for k = 1 generate, so (recalling for m = 2 that by = 0)

6.2. Proposition (m = 0,1,2). The contribution from the spaces X;411 to the
inequalities determining Nem(Xy, ) are

Dbpoyy1 >(1—2) by (3<1<n—2).
For m =0, b,,_ = by, and Proposition and Lemma [6.] imply:

6.3. Theorem (n > 6). Nem(X, ) is determined by the 2(| 5| — 2) inequalities
2<i<|z]-1:

In particular, any moving linear system of X,, o is big. (I

Because of the simplicity of these inequalities, we can explicitly describe the cone
Nem(X,0).

n
6.4. Corollary. Nem(X, o) is generated by ol2l=2 rays, which are inductively
described in terms of the basis {132} as follows. Let the first entry of a generating
vector be 1. Then given that the ith entry is a, there are two choices for the i+ 1st,

namely
—1—2 + 1
a-(%) and a-(%+ ) O
n—1 1—1

Remark. For any i € {2,...,| 5]}, there is an extremal ray R; C Nem(X, ) which,
when restricted to each of the Bj, is big only on B;. One constructs a vector v;
generating R; as follows: let the left-hand inequalities of Theorem [6.3] be called
“Type A” and the others “Type B.” Set the ith entry of v; equal to 1, and use the
inequalities of Type A (as equalities) to determine the entries to the right of the
ith, and those of Type B to determine those to the left.

The R; are interesting from the point of view of Mori theory: if they were gener-
ated by moving linear systems having finitely generated section rings (in particular
if the X,, o were Mori Dream Spaces), they would correspond to birational maps
;i + X --» Z; contracting all the B; except B;; the targets Z; are Q-factorial of
Picard number one (see [HK00] for background on section rings and “contracting”
rational maps).

6.5. Examples. We illustrate cross-sections of WI(X%O) for 6 < n < 9. In the

following, we use as ordered bases (ba, ..., bL% 1). For comparison purposes, we have

included the calculations of Nef!(X,, o) done in [KM96]. Moving and nem cones

are the same for n < 6, but this is not known for n > 7.

n==6: Nem(Xg0) = Nef'(Xe0) is generated by (2,1) and (1,3).

n="7 Nem(Xzy) is generated by (5,3) and (1,3). Nef!(X7,) is generated by
(1,3) and (1,1).
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2,1 (1,3)

6 ks

b b,
= nef = nem

(5,3)(1,1) (1,3)
n=7 ——fjemmt—

b, b,

n

FIGURE 2. Cross sections of NE (X6,0) and NE' (X7.0)-

n = 8: Nem(Xs,) is generated by
A:=(3,2,4), C:=(1,3,6), Q:=(5159), R:=(15,10,6).
Nefl(Xs,) is spanned by A and C together with P := (6,11,8) and B :=
(2,6,5).

Remark. The three vertices A, B, and C' come from the nef cone of M3 under the
natural identification of Xg with the hyperelliptic locus in M3 [Rul01].

A:=(324) P:=(6,11_8)
B:=(2,6,5) 0:=(5,159)
C:=(13,6) R:=(15,10,6)

FIGURE 3. A cross section of NEl(Xg)O).

n=9: Nem(Xgp) is generated by
B:=(1,3,2), C:=(1,3,6), T:=(7,510), U :=(21,15,10).

Nefl(Xg,) is spanned by B and C together with A := (1,1,2) and S :=
(3,3,4).

7. THE CONE OF EFFECTIVE DIVISORS OF X, o

For notational ease, define b} := Dil} in X, 2. From Corollary a basis for
Nl(Xn,Q) is given by the set of all {b;,b}} excluding by. Recall that in Ny (X, 2)
we formally define by = by = 0; we also set l}{ =0.
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:=(1,1,2) S:=(3,3,4)
B:=(1,3,2) T:=(7,5,10)
C:=(1,3,6) U:=(21,15,10)

= nef
=nem

eIy

b, 03,D032034H0.12) s

FIGURE 4. A cross section of NE' (Xo9.,0).

Let D be any prime divisor having class not proportional to that of any boundary.
The boundaries of Xn72 are of the form Xl+173 X Xn—l+1,1 or XH_LQ X Xn—l+1,2~
Thus the restriction to D to any appropriate factor X1, (1 < m < 3) must be
effective. Constraints coming from spaces of the form X; i, were determined in
Proposition .2 in particular, b;.D >0 (3 <i < n — 2).

Next consider constraints coming from the spaces X112 (2 <1 <n—2).

7.1. Lemma. The subcone of N'(X;412) generated by the classes {bi,bj}é;é 15
determined by the inequalities (2 <j<l—1, 3<i<l—-1):

E;k >0 and
(= 1) — §)b+(l — i+ 1)(1 — )b} > 0.
Proof. This follows from Corollary 0

Definition. Define the curve class C} by varying the marked point 1 along a
general element of X; ;9. For 2 <7 <1—2 define C} by varying the component of
a general element of b C X1 o with the marked point 1 and ¢ —1 indistinguishable
marked points along the component with the remaining marked point.

Thus, Cf = b1 + (I — )by + (1 —1+4)b}, or

v;zrlE%(C:—Bi+1+(1—i—l)i)j> (1<i<l—2).

CQHSEder the morphism r : X;;12 — X, 2 which attaches a fixed element
(p, Py, Py) € Xp,_i41,2 to each element (C, Py, Py) € X;4+12 by identifying P» with
P;. Then a calculation similar to that done in 6 shows

) ) il—i—1) - i .
¥ o =p* S — — — b* < <[]-=2).
(7) T*bl-‘rl bZ-‘rl + (Z _ 2)([ _ 1>bn—l+1 1 — 1bl (]‘ S l 2)

Pushing forward the inequalities B;‘ > 0 of Lemma [TT] gives

§ i~ 1)1 —4)- i1
b*+(y )( J)bn_le(J

P21 m)@* 2<j<i-1).
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Fixing | = n — 2 we get necessary inequalities for the prime divisor D:
(8) (n—4)(n=3)b; + (j — 1)(n—j = 2)bs = (n = 4)(j — 1)}, _5.

If we reverse the roles of the two marked points (in the definition of C} and the
morphism ) we get

(9) (n—4)(n = 3)b_; + (j — 1)(n— j = 2)by > (n — 4)(j — 1)b5.
Replacing j with n — j in (@) gives
(10) (n—=4)(n=3)b5 + (n—j —1)(j — 2)bs > (n — 4)(n — j — 1)b3.

Note that B)—(I0) continue to hold for j = n — 2, so apply for 2 < j <n — 2.
Varying the point of attachment of the component with n — 3 undistinguished
marked points of a general element of B3 C X, ,,, along the other component gives

(11) b5 + by, _y > bs,
satisfied by any prime D as above. Then B;‘ >0 (2 <j<n-—2)comes from
(n—j—1lneq. @]+ (j —1)[Ineq. @D] + (n —j —1)(j —1)(n — 4)[Ineq. [D].

7.2. Proposition (n > 4). NEl(Xng) is generated by boundary divisors. Further,
Nem(X,,2) is contained in the (simplicial) cone generated by the classes {b;,b}}
excluding bs. O

7.3. Example. Consider the case n = 5. From Corollary B2} p(X52) = 3 and
3b2 = b; +b§ — b3.

NEl(Xg,,g) is generated by the four boundaries by, bs, b3, and b5. Nef!(Xs52) is
the dual of this cone; since X5 is a surface, its nem, moving, and nef cones are
identified (Figure [Hl).

3b,= b + b~ b,

FIGURE 5. A cross section of NE' (Xs5,2).
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8. Nem(X,1)

We use Proposition to calculate Nem(X, 1). The boundaries of X, ; are
of the form X;i12 x X;,_;41,1. Proposition gives the contributions from the
X1

(12) Dbpgy1 >(1=2) by (3<1<n—2).
If s: Xj112 — Xpa is a corresponding attaching map, we adapt (@) and (@) to
give (2<i<1—2):

- - l—i—1)({1—1);

54biv1 = bp—i4i — anhrl
(l—i—-1) . i
(P L

(13)
and 8.0 = b1 +

Pushing forward the inequalities determining NE' (Xi412) (Lemmalldland Propo-
sition [[2)) gives
(14) (=16 =)0 = Dbarimr + (= 1) =) (I — i + 1)y
> G-Dl—-)l—i+Db  (2<i,j<1-1).

8.1. Corollary. Nem(X,, 1) is generated by the (n — 1)(n —4)/2 inequalities (3 <
I<n—2 2<j<l—1):

l-bpoipr > (1 —2)bp_y  and
(G = 1) = §bp—t1 + 1= 1)(1 = 2)b; = (j = 1)1~ 2)br.
Proof. Nem(Xy,1) is by definition a subset of ﬁl(Xn,l), so the inequalities b; > 0

must be included in its calculation. These however are subsumed by ([I2]) and (I4):
let I; j; refer to the inequality (I4)). If n is odd, “by > 0” comes from I3 (n41)/2; if

(15)

n is even, “by > 07 comes from (5)12,2,n/2+(5 —2)I32 n/2+1- The other inequalities
“b; > 0” then follow from (IZ)).
Denote the inequalities (I2) by J;. For i > 3,

Iiji=aJi—ito +bli_q 1,

where l . . .
o= U=DG=DU=g) gy i
(I—i+2) l—i+2
Thus we need only the J; and the I ;. O

We now study some properties of Nem(X,, 1). From the inequalities (IZ)) note
that if an element of Nem(X,, 1) has b; = 0, then it also has b; = 0 for all j < 4.
Suppose that by = 0. Then 139 yn—2 implies 0 > by_2, so that all b; = 0. Thus
the only possible zero coordinate of a vector (v # 0) € Nem(X,, 1) is the first:
by(v) = 0. This implies v trivially intersects a fibre of 7 : Xni1 — Xnu_1,0, 50 we
expect v to be pulled back from Nem(X,,_10). In fact, if by = 0, then I5 2, implies

bo_111 = by B3<l<n—-2);

together with the inequalities J;, this forces
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Since 7*b; = byy1+bp—141 (except m*bn = bn 4, for n even) we get from Theorem[6.3]
8.2. Proposition. Nem(X,, 1) = 7*Nem(X,_10) + C, where every element of C
1s big. O

Thus any fibration of any space V' isomorphic to X, ; in codimension one con-
tracts the (images of the) fibres of 7 : X, 1 — X,,_1,0.

8.3. Examples. We illustrate cross sections of NE' (Xp1) for 5 <n <7 In the
following we again include the computations of nef cones from [KM96].

3,1
b, |—|wwwwg§£z%wwwﬁz| b,

FIGURE 6. A cross section of NEl(XsJ).

n =5: From Corollary 81 Nem(Xs,1) is determined by 3bs > by and by > 0.
Since X351 is a surface, this also gives the nef cone (Figure [6]).
n = 6: From Corollary Bl Nem(Xg 1) is determined by

3by > bs, 2by + 4by > 203,
4bs > 2bo, 6bs + 18by > 6by,
These determine the cone spanned by the vectors
(6,3,1), (1,3,1), (0,1,1), (1,3,6), (2,1,2).
The nef cone is given by the span of
(6,3,1), (1,3,1), (0,1,1), (2,1,2).

Remark. (6,3,1) corresponds to (i.e. is a multiple of the pull-back of) the relative
dualizing sheaf w of M2,1 under the identification of X ; with the Weierstrass locus
of My (see §I0 for more information), (2, 1,2) corresponds to the determinant of
the Hodge bundle A, and (1,3,1) corresponds to 12\ — d;,, where ;. denotes the
class of the closure of the locus of irreducible elements of Mg’l with a single node.

6bs + 18b5 > 12b,.

=nef b
=nem

N

C:=(6,3,1) x:=(1,3,6)
B:=(1,3,1) A:=(2,1,2)

FIGURE 7. A cross section of NE' (Xe6,1)-
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n = 7: From Corollary Bl Nem(X7 ) is determined by
3bs > by, 5bs > 3bs, by >0, 8bs > 3bs,
4by > 2bs, 205 + 4by > 2bs, bs + 4by > bs, bs + 4by > 3bs.
This gives Nem(X71) as the convex hull of
(5,12,36,32), (10,6,3,6),  (5,3,9,8), (5,12,6,2), (0,1,3,1),
(5,12,21,32), (10,6,3,1),  (5,3,9,3),  (20,12,21,32), (0,2,1,2).
Nefl(X7,) is the cone over
(10,6,3,1), (5,3,4,3), (5,12,6,2), (0,1,3,1), (0,2,1,2).
Remarks. (a) (0,2,1,2) corresponds to A under the morphism p : X7, — Mo,
described in §I01 Also, (0,1,3,1) corresponds to 12X — d;,--, and (5, 12,6, 2) corre-
sponds to w.

(b) It is easy to check that the ray generated by (10,6,3,1) is the push-forward
under 77 : X7 — X7 1 of the ray generated by

L7 = Di2+ D37 + Dy7 + Ds7 + Dgr + Dsar + Dasr+
Dsg7 + Das7 + Daer + Dser + Dsas7 + Daagr + D3ser + Daser,

which corresponds to a hyperplane section from P* under the blow-up description
f: Moz — P*in [HT02]. |L7| contains elements missing any given fibre of 77, so
(10,6,3,1) moves in X7 ;. We use this in the proof of Proposition [[0.2]

9. RELATIONS WITH M, AND M

We use the notation of [Fab99] for the standard divisor classes on M, and M 1,
except on M, 1 we abbreviate diq1y by 0; (1 <i < g—1), and wy, by w. It is a fact
that the classes 6., 01, ..., 5L%J and X generate N'(M,), and the classes ., d1,

ey 0g—1, A, and w generate N1(M, 1) in any characteristic [DM69], [Mor01]. These
classes are independent for g > 3.

To avoid pathologies with hyperelliptic curves, we restrict to characteristic ¢ # 2
in this and the following section.

9.1. The hyperelliptic locus of Hg. Consider the natural morphism
i X29+270 — Mg
identifying the source with the hyperelliptic locus of Mg, by associating to each

element of Xog190 its (unique) degree-two admissible cover [HM98| pp. 180 ff.].
For n > 3 we use the ordered basis (X, d;r, 1, ..., 6LgJ) for N*(M,). The following
2

calculations still hold for g = 2, but A should be replaced by &4, + 4; and
eliminated as a basis element.

Let C, € NE; (Xn,0) be as described in §5] (define C; € NE; (Xn,0) as the image
of C; € Wl(Xnyl)). Defining So:=0 € Nl(Mg), the intersection numbers with
1+Coj41 are

. 1, . .
Sirr = 2(29 + 1 — 27), 5j=5(23+1—2g), K+d;=2(g—j—1).
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Using the relation 12\ = k + ¢ gives

—_
—_

ixC2j41 = 2(29 + 1 — 2§)04rr + 5(2]' +1-29)8;+ -(g—HA (i =0).

[\

Similarly,
iCoj = 4(j — 9)0irr + (g +1—-7)0; (52 1).

By induction,

- < +1—7)« .
ixboj = 2040 + ](94 J) (1<j<g9),
g+ 2
(16) Lol
.y _ 1« J9—7)x .
Z*b2j+1 = §5J + 19 +2 A (1 <j<g- 1)7

where §; := 04_; for j > [§]. (These can also be deduced using the formulae given
in [HMOS, p. 303], but note the ramification of X, — X, o induced by Szg42 is
ignored in that calculation; the most economical way to account for the ramification

is to replace their = with & := %El)

9.1. Corollary (g > 2). An effective divisor in M, pulls back to Nem(Xag42.0) iff
it is contained in the cone generated by the following inequalities (1 <1i < g—1):

(20 — 1)8; < 4(2i 4+ 1)dir + A,

4i8;r < (i 4 1)

Proof. This follows from (I8) and Theorem O

9.2. The morphisms Xo,431 — Mg, Mg’l (1<n<g-1,g). To each element
C € Xapy3,1 there is a unique degree two admissible cover C obtained as in §9.11
via ignoring the distinguished point of C. This distinguished point then determines
(up to hyperelliptic involution of some component of CN') a marked point P € C.
Consider the morphism p : Xa,431 — M, (1 <n < g—1) given by attaching to C
a fixed curve D of complementary genus, by identifying a fixed point @) € D with
P. Via a calculation analogous to the one of the previous subsection,

p«C1 = —(’I”L - 1)5g7n7

p«Cojr1 = —4(n —j)0irr + (n+1—§)0g—ntj, and
p.Caj =2(2n + 3 — 2§)dirr — S@n+1- 2§)0g—ntj1 + gn+1- A
Remark. As the above equations are written, they also apply when the target
space is M, 1; the morphism p in that case is given by taking some fixed point

(R # Q) € D as marked point.

Induction shows:

oo Ll jn—g) g (n—5)@2n+1-2j)
an) Pebaji = 500-nts + 50, Gn+ DinF1) o™
Dby = 25, ‘+j(n+1—j)v 3 (2n—|—1—2j)(n+1—j)5
*U2541 = irT 2(2’)1-‘1-].) (2ﬂ+ 1)(7”L+1) g—n-

These equations also apply for n = g, if §y := —& € NY(Myq).
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9.2. Corollary (g >3,and 2 < n < g—1). The subcone of effective divisors of
M g pulling back to Nem(Xapn13,1) is the subset determined by (1 <k <n—1 and
0 <m < k—1, unless specified otherwise):

o (k+1)5, 1 > 4kSipr,
0 4(2k + 1)0irp + kX > (2k — 1)y,
o (2m + 1)(k —m)d,—p, + km(k — m)A + k(2k + 1)y nym
> k(2m + 1)6g—pik + 4k(k — m)dg_p,
m(k+ 1) (k —m)A+ (k+1)(2k + 1)dg—nim > 4m(2m + 1),
+(2k + 1)[2(k — m)+1]5 (0<m<k),
o (m+1)2(k—m) —1)5,— + k(m+1)(k —m)\ + 4k:(2k + 1)dipr
> 2k[2(k —m) — 18y, + 2k(m + 1)y 1.
Remark. The corollary also applies (with the same notation) when the target space

is Mgﬁl. In that case, g > 2,2 < n < g, and do := —w. For g =2, A should be
replaced by 1—1061-M + %61.

Proof. Pushing forward the inequalities defining Nem(Xs,431) (Corollary [BT)
shows the subcone in question is determined by (1 <k <n—1and 0 <m <k-—1,
unless specified otherwise):

(i) (k +1)8g—1 > 4k,
(ii) 4(2k + )dipr + kA > 2k —1)0,, (1 <k <n),
(@) 2m +1)(k —m)dy—r + km(k — m)X\ + k(2k + 1)y ntm
> k(2m +1)0, nik + 4k(k —m)dy_n,
(IT) 412(k + m) + 3]6irr + (k + 1) (m + 1)X > 2(2k + 1)d4—n,
(IIT) m(k + 1) (k — m)A 4 (k + 1)(2k 4+ 1)dg_nrm > 4m(2m + 1),
+2k+ D)2k —m)+ 10y,  (0<m <k, 0<k<n-—1),
(IV) (m+1)[2(k —m) — )8,k + k(m + 1)(k — m)A + 4k(2k + 1)3;,,
> 2k[2(k —m) — 1]6g—n + 2k(m + 1)yt
Fix a positive integer n > 2. For n = 2 set ¢y := 1 and ¢5 := 2. For n > 3 set
cr:=2n(n—D[2(k+m)+3]—2(4n-3)(k+1)(m+1),
¢ :=10(k+1)(m+1) — 4[2(k + m) + 3].

Then the ¢; are non-negative for 1 <k <n—1,0<m <k — 1, and (denoting e.g.
inequality (i) evaluated at k =1 by (i)(1))

cr[(D)(1) + 230 (1)] + e2[(2n = 3) () (n — 1) + n(ii)(n — 1)]

gives
2(5n% — 13n 4 6) - [4[2(k +m) + 3]0sr + (k + 1)(m + 1)A| > 0.

5n2 —13n+6 > 0 for n > 3, so B3<n, 1<k<n—-1,0<m<k-1):
A[2(k +m) + 3)04r + (b +1)(m + 1)A > 0.
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Note that “5,_,, < 0” comes from ITI(1,0), so (II), III(0,0), and (ii)(n) are sub-
sumed. 0

10. THE CONE OF EFFECTIVE DIVISORS OF My 1

As an example we analyze NE' (Ma,1) in terms of Wl(Xm). Let
p:Xr1— Mo

be the morphism described in the first Remark of §9.21 for n = g = 2; p is easily
seen to be birational. We continue to restrict to characteristic # 2 in this section.
Let W C Mg)l denote the Weierstrass divisor, i.e. the closure of the locus
{(C,P) : P € C is a Welerstrass point}. The images of the boundary divisors of
X7, are
By — W, By Ay 1y,
Bj +— {banana curves}, Bs — Ajpy.

The general element of the locus of “banana curves” is a genus one curve attached
at two points to a smooth rational curve with marked point.

From Proposition [5.3] NE' (X71) = 25’:2 RZ0B;.

10.1. Corollary. Wl(ﬂg,l) is simplicial, generated by the classes of Njpr, Aq
and W.

Proof. The Picard number of M is three, and Bj is contracted by p. O

In terms of the ordered basis (A;.., A1, W) it is easy to check (using the n =7
example of §8) that the pushforward of Nem(X71) to Mo is generated by A :=
(1,1,0), B := (1,6,0), D := (1,6,20), and E := (3,3,10). In fact,

10.2. Proposition. Mov(Ms 1) = p.Nem(X71) = RZ°A+R=2B+R=D+R=E.

Proof. By Proposition 2.4, it suffices to show A, B, D, and E are generated by
moving linear systems. From Lemma [Z3] and Remark (b) following the n = 7
example of §8 the divisor D moves, since it has a moving preimage in X7;. The
classes A and B correspond to the classes A and 12\ — &, of Ms, respectively,
so both are basepoint free (the characteristic p case follows from the results of

[Kee99]). E moves since it can be written as an effective combination of either W
and A or A, and D. O

Remarks. (1) Nem(Ma,) is also the cone of Proposition [0.2] as can be directly
calculated [Rul01].

(2) The pushforward of Nef'(X71) (presented in the n = 7 example of §8) is
the convex hull of the rays generated by A, B, and D.

(3) The equations (I7) give

30p*w = (5,12,6, 2).
Recalling that b5 := %35 and using the fact that p has connected fibres,
C := 30w = 30p.p*w = (Ajpr + 641 + 5W).

Nef'(My;) = RZ°A + RZ°B 4+ R20C is easily calculable using test curves and
the facts that A, B, and C are nef. (Nef!'(Ms 1) is furthermore the pull-back of
Nef!'(Ms) under the morphism induced by A; € M3 [Rul01].)
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(4) The class w of M ; is semi-ample in any characteristic (the char p case follows
from the results of [Kee99|; the char 0 case is shown in [Rul01]), so every line bundle
in Nef!(Ma,) is eventually free.

(5) The inequalities of Corollary cut out the nef cone of Mys; ie. any
effective divisor on Mg’l pulling back to a member of Nem(X7 1) is nef.

A:=(1,1,0) = 10

B:= (1,60) = 5(12A-A,_)
c:=(1,6,5) = 30w

D:= (1,6,20)

E:=(3,3,10)

=nef
=nem

O.LD) (03,10 W

1
FIGURE 8. A cross section of NEl(Mg)l).

We partially decompose Mov(Maz 1), in characteristic zero.

10.3. Proposition (char0). X7 1 resolves a rational map le --» Z, where Z is

a Q-factorial projective variety isomorphic to Mo, in codimension one. The nef
cone of Z is identified with the convex hull of the divisors A, C, and D (Figure Q).

Proof. The morphism p : X7 — MQJ contracts the curve class
Cy = bs + 2by — bs,

which is obtained from a general member of B3 by varying the node along the
component containing the distinguished marked point. Since the relative Picard
number of p is one, C] is the only curve class contracted by p; since B3 intersects
C1 negatively, any curve numerically equivalent to C is contained in Bs, so p is an
isomorphism outside of Bs.

Let Cy be the curve class of X7 obtained by varying the node of a general
member of Bs along the other component, so

02 = 464 — 263
Intersection with Cy determines a supporting hyperplane of Nef!(X7 1), and Cy N
Nef1(Xz1) is the convex hull of (0,2,1,2),(5,12,6,2), and (10,6,3,1), so is a full-
dimensional face; thus Cs is an extremal ray of the Mori cone NE1(X71). We will
use the Cone Theorem [KM98| Theorem 3.7, p. 76] to get a morphism ¢ of X7,

contracting only the class Cs.
For n = 7 Riemann-Hurwitz and [KM96, Lemma 3.5] or [Pan97, Prop. 1] give

_ 1 4
Kx,, = —5by — 3bs,

which dots Cs trivially. X, ; is a finite quotient of the smooth variety X,,, and the
boundary of X, is snc, so (X7, %Bg) is klt. By the Cone Theorem there exists a
morphism ¢ : X7, — Z with connected fibres onto a normal, projective variety Z,
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contracting only curves numerically equivalent to Co (so ¢ contracts Bz and is an
isomorphism outside of it). Since the relative Picard number of ¢ is one and Bj is
contracted, Z is Q-factorial.

Finally, ¢* Nef1(Z) is the face of Nef!(X7 1) determined by C5-, so p.q*Nef(Z)
is the convex hull of the rays generated by A, C, and D. O
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